Abstract. Recently, fusion frames and frames for operators were considered as generalizations of frames in Hilbert spaces. In this paper, we generalize some of the known results in frame theory to fusion frames related to a linear bounded operator K which we call K-fusion frames. We obtain new K-fusion frames by considering K-fusion frames with a class of bounded linear operators. We also study the stability of K-fusion frames under small perturbations. We further give some characterizations of atomic systems with subspace sequences.
Introduction
Frames were first introduced by Duffin and Schaeffer [13] to study some problems in nonharmonic Fourier series, reintroduced in 1986 by Daubechies, Grossmann, and Meyer [11] , and popularized from then on. Nice properties of frames make them very useful in characterization of function spaces and other fields of applications such as signal processing [21] , sampling [14] , coding and communications [20, 19] , filter bank theory [4] and system modeling [25] . Let I be a countable index set and H denote Hilbert space. A sequence {f i } i∈I is called a frame for H if there exist constants 0<A 1 ≤ B 1 <∞ such that
The fusion frame (frames of subspaces) which was introduced by Casazza and Kutyniok [7] is a natural generalization of frame theory and related to the construction of global frames from local frames in Hilbert spaces [5] . Due to this property, fusion frames are special suiting for applications such as distributed processing, parallel processing of large frame systems [8] , optimal transmission by packet encoding [3] , high energy physics [18] and so on.
Throughout this paper, H , H 1 and H 2 are separable Hilbert spaces. We denote by L (H 1 , H 2 ) the space of all bounded linear operators between H 1 and H 2 . If H 1 = H 2 = H , then L (H 1 , H 2 ) is denoted by L (H ). For T ∈ L (H ), the range and the kernel of T are denoted by R(T ) and N (T ), respectively, the pseudo-inverse of T is denoted by T † .
Definition 1.
Let {W i } i∈I be a sequence of closed subspaces in H , and let {w i } i∈I be a family of weights, i.e., w i > 0 for all i ∈ I. We say that W = {(W i , w i )} i∈I is a fusion frame for H , if there exist constants 0 < A 2 ≤ B 2 < ∞ such that
We call A 2 and B 2 the fusion frame bounds. The family W is called an A 2 -tight fusion frame if A 2 = B 2 , it is a Parseval fusion frame if A 2 = B 2 = 1. If W = {(W i , w i )} i∈I possesses an upper fusion frame bound, but not necessarily a lower, we say that W is a Bessel fusion sequence with Bessel fusion bound B 2 . Moreover, let {f ij } j∈Ji be a frame for W i for each i ∈ I, then we call {(W i , w i , {f ij } j∈Ji )} i∈I a fusion frame system for H .
For each Bessel fusion sequence W = {(W i , w i )} i∈I of H , we define the representation space associated with W by
with inner product given by
The following theorem provides a link between local and global properties.
Theorem 1. [7]
For each i ∈ I, let w i > 0, let W i be a closed subspace of H , and let {f ij } j∈Ji be a frame for W i with bounds A i and
Then the following conditions are equivalent:
} i∈I is a fusion frame system for H with fusion frame bounds A and B, then {w i f ij } j∈Ji,i∈I is a frame for H with frame bounds AC and BD.
Some generalizations of frames also have been presented such as generalized frames [24] , controlled frames [1] and fusion frames for Banach space [22] . The concept of K-frames was introduced by Gȃvruţa [16] to study the atomic systems [15] with respect to a bounded linear operator K in a separable Hilbert space H . It is known that K-frames are more general than traditional frames in the sense that the lower frame bound only holds for the elements in the range of K. Several methods to construct K-frames and the stability of perturbations for the K-frames have been discussed in [23, 26] .
We call A 3 , B 3 the lower frame bound and the upper frame bound for K-frame, respectively. Remark 1 If K = I H , then K-frames are just the ordinary frames, where I H is the identity operator on H .
Suppose that {f i } i∈I is a K-frame for H . Obviously it is a Bessel sequence, then there exist three associated operators which are given as follows.
The synthesis operator is defined by
Its adjoint operator
is called the analysis operator. Then the frame operator is given by
Note that, the frame operator of K-frame is not invertible on H in general and S ≥ AKK * . Christensen and Heil [9] gave the concept of atomic decompositions in Banach spaces. Gȃvruţa [16] gave the definition of atomic system for a bounded linear operator, and obtained some characterizations of atomic systems as follows.
We say that {f i } i∈I is an atomic system for K if the following statements hold
(1) the series i∈I c i f i converges for all c = {c i } i∈I ∈ l 2 . (2) there exists C > 0 such that for every f ∈ H there exists {a i } i∈I ∈ l 2 such that {a i } l 2 ≤ C f and Kf = i∈I a i f i .
Remark 2
The condition (1) in Definition 3 actually says that {f i } i∈I is a Bessel sequence (see Corollary 3.2.4 in [10] ).
Theorem 2. [16]
Let {f i } i∈I ⊂ H and K be a bounded linear operator. {f i } i∈I is an atomic system for K if and only if {f i } i∈I is a K-frame for H .
Lemma 1. [6] Let H be a Hilbert space, and suppose that T ∈ L (H ) has a closed range. Then there exists an operator T † ∈ L (H ) for which
N (T † ) = R(T ) ⊥ , R(T † ) = N (T ) ⊥ , T T † y = y, y ∈ R(T ).
We call the operator T † the pseudo-inverse of T . This operator is uniquely determined by these properties.
In fact, if T is invertible, then we have
Then the following are equivalent:
Lemma 2. [17] Let T ∈ L (H ) and W be a closed subspace of H . Then we have
π W T * = π W T * π T W .
Fusion frames for operators
In this section, we generalize some of the known results in K-frame theory to K-fusion frames.
Definition 4.
Let {W i } i∈I be a sequence of closed subspaces in H , and let {w i } i∈I be a family of weights, i.e.,
for all f ∈ H , where π Wi is the orthogonal projection onto the subspace W i .
A, B are called the K-fusion frame bounds, respectively. If w i = w j = w for all i, j ∈ I, we call W a w-uniform K-fusion frame for H . Moreover, we say that W = {(W i , w i )} i∈I is an orthonormal K-fusion basis for H if H = i∈I W i .
Remark 3 Let W = {(W i , w i )} i∈I be a K-fusion frame for H . And let W i = span{f ij } j∈Ji for each i ∈ I. If {f ij } j∈Ji is a frame for W i , then we call W = {(W i , w i , {f ij } j∈Ji )} i∈I a K-fusion frame system for H . Moreover, {w i f ij } j∈Ji,i∈I is a K-frame for H .
Let W be a Bessel fusion sequence for H . The synthesis operator is defined by
Similar to the fusion frame in Hilbert space, T W ({a i }) converges unconditionally (see Lemma 3.9 of [7] ). The adjoint operator T *
given by T * W (f ) = {w i π Wi (f )} i∈I is called the analysis operator.
The K-fusion frame operator S W for W is defined by
be with closed range. Let W = {(W i , w i )} i∈I be a K-fusion frame for H with frame operator S W , then the following holds,
Proof.
(1). Let W = {(W i , w i )} i∈I be a K-fusion frame for H with frame operator S W , then
, so we have
Next, we use the frame operator of K-fusion frame to give another equivalent characterization of K-fusion frame. First, we need the following important result from operator theory: Proof. By the Definition 4, W = {(W i , w i )} i∈I is a K-fusion frame for H with bounds A, B and frame operator S W , if and only if
And so by Proposition 1 the conclusion holds.
Proof. This follows immediately from Theorem 4.
a Bessel fusion sequence in H with frame operator S W . Then W is a K-fusion frame for H if and only if
K = S 1/2 W T ,
for some T ∈ L (H ).

Proof. By Theorem 4, W is a K-fusion frame if and only if there exists A > 0 such that
Therefore by Theorem 3 the conclusion hold.
In the following we give several characterizations when a bounded linear operator T is applied to a K-fusion frame.
Theorem 5. Let K ∈ L (H ) be with a dense range. Let W = {(W i , w i )} i∈I be a K-fusion frame and T ∈ L (H ) have closed range. If {(T W i , w i )} i∈I is a K-fusion frame for H , then T is surjective.
Proof Suppose {(T W i , w i )} i∈I is a K-fusion frame for H with frame bounds A and B. Suppose {f ij } j∈Ji is a frame for W i with bounds C i and D i , where 0 < C = inf i∈I C i ≤ sup i∈I D i = D < ∞. From Theorem 1, {T w i f ij } j∈Ji,i∈I is a K-frame for H with bounds AC and BD. Then for any
As K is with a dense rang, K * is injective. Then from (4),
Proof Since T has closed range, it has the pseudo-inverse T † such that T T † = I H . We now prove that T (W i ) is again a closed subspace. Since T † T (W i ) ⊂ W i and T is surjective, we obtain
From Lemma 2 we have
Let I H = I Therefore, {(T W i , w i )} i∈I is a K-fusion frame for H .
Proof. Since {(T W i , w i )} i∈I is a K-fusion frame, from Theorem 5, we have T is surjective. Suppose {(T * W i , w i )} i∈I is a K-fusion frame for H with frame bounds A and B. Then for any
Then N (T ) ⊂ N (K * ). As K is with a dense range, K * is injective. Then we have T is injection. Therefore, T is bijective. By Bounded Inverse Theorem, T is invertible.
Corollary 3. Let W = {(W i , w i )} i∈I be a K-fusion frame and let T ∈ L (H ) have closed range with T K = KT and T * be isometry. Let T † be the pseudo-inverse of T and satisfy
Proof. Since T * is isometry, for any f ∈ H , then we have
Similar to the proof of Theorem 6, with (8) instead of (6), we can easy obtain the conclusion.
In the sequel, we study a result of stability of K-fusion frames under perturbation.
Theorem 8. Let W = {(W i , w i )} i∈I be a K-fusion frame for H with bounds A and B. Suppose that {V i } is a family of closed subspaces of H and there exist constants λ 1 , λ 2 , µ ≥ 0 such that
for all f ∈ H . Then {(V i , w i )} i∈I is a K-fusion frame for H with bounds
and B 1 +
On the other hand, for all f ∈ H we have i∈I
The proof is completed.
Atomic systems
In this section, we give a characterization of atomic systems with a subspace sequence. 
C f for some C > 0 and
The following theorem gives the existence of the atomic systems for an operator.
Theorem 9. [16]
Let H be a separable Hilbert space and K ∈ L (H ). Then K has an atomic system.
Every operator K has an atomic system with a converge sequence. By Remark 2 and Definition 5, we known that the sequence must be a Bessel sequence. Conversely, one may ask whether every Bessel fusion sequence W = {(W i , w i )} i∈I has an operator K which makes W an atomic system for K. The answer is affirmative by the following result.
Theorem 10. Let W = {(W i , w i )} i∈I be a Bessel fusion sequence in H . Then W is an atomic system for the frame operator S W .
Proof. Suppose W = {(W i , w i )} i∈I is Bessel fusion sequence in H with Bessel bound B. Let S W be the frame operator of W and suppose {f ij } j∈Ji is a Parseval frame for W i , then we have {w i f ij } j∈Ji,i∈I is a frame for H with frame operator S W , and then
Hence S W is bounded on H . Let {a i } i∈I = {w i π Wi f } i∈I ∈ ( i∈I ⊕W i ) ℓ 2 . We have
then {a i } 2 ( i∈I ⊕Wi) ℓ 2 ≤ B f 2 . Hence, {a i } ( i∈I ⊕Wi) ℓ 2 ≤ √ B f for each f ∈ H . From the Definition 5, W is an atomic system for the frame operator S W .
